ABSTRACT. We prove an Obata-type rigidity result for the spherical cap and apply it for an eigenvalue problem with mixed boundary condition.
INTRODUCTION AND STATEMENTS OF THE RESULTS
Let (M n , g) be a compact Riemannian manifold, with a possibly non-empty boundary Σ. We denote by Ric g and R g respectively the Ricci and scalar curvatures of (M, g). When Σ = ∅, we also assume that Σ is oriented by an outward pointing unit normal vector ν, so that its mean curvature is H Σ = div g ν.
The classical Obata's rigidity theorem is a very well-known result with many important applications: (M n , g ) is isometric to the standard unit sphere (S n , g 0 ) if and only if there is a non-constant function φ satisfying
Theorem 1.1 ([O]). A connected closed Riemannian manifold
where ∇ 2 is the Hessian with respect to the metric g.
Corollary 1.2. If a connected closed Riemannian manifold
then the first eigenvalue λ 1 (g) of the Laplacian ∆ g satisfies λ 1 (g) ≥ n, and equality holds if and only if (M, g) is isometric to (S n , g 0 ).
To the best of our knowledge, there are two versions of those results for manifolds with non-empty boundary: R1, R2] 
Corollary 1.4. Let (M n , g) be a connected compact Riemannian manifold with nonempty boundary Σ. Assume that Ric g ≥ (n − 1)g and H Σ ≥ 0. Then the first eigenvalue λ 1 (g) of ∆ g with Dirichlet boundary condition satisfies λ 1 (g) ≥ n. Moreover, λ 1 (g) = n if and only if (M, g) is isometric to (S n + , g 0 ).
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) be a connected compact Riemannian manifold with nonempty boundary Σ. Assume that Ric g ≥ (n − 1)g and H Σ ≥ 0. Then the first eigenvalue λ 1 (g) of ∆ g with Neumann boundary condition satisfies
Our main result extends the above to a mixed boundary condition, under certain hypothesis on the boundary mean curvature:
, whose boundary is a totally umbilical hypersphere with mean curvature (n − 1) tan(θ), if and only if there is a non-constant function φ satisfying
As an application, we are able to complete the study initiated by Xin'an and Hongwei [X-H] on the first eigenvalue of the Laplacian operator with mixed boundary condition. Combining the inequality proved in [X-H] with our rigidity statement, we obtain Theorem 1.8. Let (M n , g) be a connected compact Riemannian manifold with nonempty boundary Σ whose 2nd fundamental form and mean curvature are denoted by h Σ and
then the first eigenvalue λ 1 (g, θ) of the problem
Moreover, the equality λ 1 (g, θ) = n holds if and only if M is isometric to an n-dimensional spherical cap of (S n , g 0 ), whose boundary is a totally umbilical hypersphere with mean curvature (n − 1) tan(θ).
Our contribution is the equality part, since the inequality was proved in [X-H] . In Section 2 we prove Theorem 1.7 and in Section 3 we prove the rigidity part of Theorem 1.8 2. PROOF OF THEOREM 1.7
Without loss of generality, we assume that φ(p) = max
Since tan(θ) > 0, it follows from the second equation in (1.1) that p / ∈ Σ. Let γ : [0, l 0 ] → M be a geodesic such that |γ ′ | = 1, γ(0) = p. Define u(t) = φ • γ(t). Since ∇ 2 φ + φg = 0, we obtain the o.d.e.
Hence, u(t) = cos t in [0, l 0 ]. Since M is compact, we can choose γ in such a way
Observe that l > 0, because the exponential map exp p :
is a diffeomorphism for small l. Now, taking any point p 0 ∈ S n and using the exponential map on S n at p 0 , we obtain a diffeomorphism
for any 0 < l < l with l < π. As in the proof of the classical Obata's Theorem [O, pp.338-339] , we can prove that ψ is an isometry. So l < π, otherwise M is closed which is a contradiction. It follows from definition that l ≤ l 0 . We claim that l = l 0 . Suppose by contradiction l < l 0 . Then there exists a geodesic starting at p with a cut-locus point in B l (p). Hence, we see that l ≥ π which is a contradiction. Thus, l = l 0 .
Claim:
We have H ∂B l 0 (p) = tan(θ)(n − 1). Since ψ is an isometry, it is enough to prove that l = π/2 − θ. Note that u(t) = cos(t) implies
because γ intersects Σ orthogonally at γ(l). On the other hand, it holds
It follows from the second equation in (1.1) that the l.h.s. of (2.2) and (2.3) equal, so tan(θ) = cot(l) = tan(π/2 − l). Now, because tan is an injective function in (−π/2, π/2), we have l = π/2 − θ. This proves the claim. We are now able to finish the proof of Theorem 1.7. Using l = l 0 = dist g (p, q) we obtain Σ ⊂ M \ B l0 (p) and q ∈ ∂B l0 (p) ∩ Σ. Using H ∂B l 0 (p) = tan(θ)(n − 1) ≤ H Σ and the maximum principle, we conclude that ∂B l0 (p) = Σ and, consequently, M =B l0 (p) which is isometric toB l0 (p 0 ) ⊂ S n .
THE RIGIDITY PART IN XIN'AN-HONGWEI'S THEOREM
Theorem 3.1 ( [X-H] 
then the first eigenvalue of problem (1.1) satisfies λ 1 (g, θ) ≥ n.
1 Although our hypothesis on h Σ are weaker than stated in [X-H] (which assumes h Σ ≥ 0), the proof of Theorem 3.1 follows exactly the same lines as [X-H] .
Proof. As in [X-H, p.227] , setting u = ∂f ∂ν Σ and z = f | Σ , and using [R1] , we obtain
where the bars stand for the restrictions to Σ. If f satisfies ∆ g f + λ 1 (g, θ)f = 0 and u + z cot(θ) = 0 on Σ, using Ric g ≥ (n − 1)g we obtain n − 1 n λ 1 (g, θ)(λ 1 (g, θ) − n)ˆM f 2 dv g ≥ˆΣ(2 cot(θ)|∇z| 2 + h Σ (∇z,∇z))dσ +ˆΣ(H Σ − (n − 1) tan(θ))u 2 dσ.
From the hypotheses on h Σ and H Σ we conclude that λ 1 (g, θ)(λ 1 (g, θ)−n) ≥ 0.
As a consequence of Theorem 1.7 we prove:
Theorem 3.2. Equality λ 1 (g, θ) = n in Theorem 3.1 holds if and only if M is isometric to an n-dimensional spherical cap of S n , whose boundary is a totally umbilical hypersphere with mean curvature (n − 1) tan(θ).
